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We give an elementary proof that Hall triple systems have order a power of 3. 
Steiner triple systems in which each set of three points lies in and 
generates a subsystem isomorphic to AG(2,3) (or AG(1,3)) were first con- 
sidered by Marshall Hall, Jr., in his fundamental paper [4]. These designs 
have been a source of much interest in this and other contexts (see [Z, 5, 61) 
and are frequently called Hall triple systems. In this note we prove 
THEOREM. Hall triple systems have order 3’, for some nonnegative in- 
teger a. 
The theorem is known, but the proofs to be found from the literature are 
rather difficult. 
Proof of Theorem. Let (X, A) be a Hall triple system with order / X/ > 3. 
For the point x EX, define the permutation u, of X by O,(X) = x and 
a,(y) = z if {x, y, z) is a triple of A. Let I = {a, ( x E X], a subset of the 
symmetric group SymQ; and let H = (1) be the subgroup of Sym(X) 
generated by 1. Hall [4, Theorem 3.1, Lemma 4.11 made the basic observa- 
tion that H is a group of automorphisms of the triple system (X, A) and that 
I is a conjugacy class in H of elements of order 2 with the additional 
property that, for distinct x, y E X, B,O~ has order 3. 
Let P = {o,cJ,, j x # y; x, y E X}. By the preceding paragraph P is a union 
of conjugacy classes of H of elements with order 3. Let r, s E p- Thus there 
exist a, b, c, d E X with r = 0~0~ and s = 0~0~. Hall proved 14, Lemma 4.21 
that (a,, u6, uC, cd) has order dividing 2(3 lo) and so, in particular, has a 
normal Sylow 3-subgroup. Hence (r, s) = (UPON, cr,~~) has order a power of 
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3. P is therefore a union of conjugacy classes of 3-elements of H with the 
property that any two members of P generate a 3-group. By an elementary 
theorem of Baer (see [3, pp. 4-51 for three nice proofs of this result), (P) is a 
normal 3subgroup of H. We now observe that, for fixed y E X and u = o,, 
H=(u,JxEX)=(o,,o,o,IxEX)=(o,P)=(o)(P) 
has order twice a power of 3. Therefore 
is a power of 3, as claimed in the theorem. 
The theorem, as stated, was first proved by Fischer [2, Lemma 3.11 using 
several deep results from finite group theory. The theorem can also be 
deduced from a theorem of Bruck and Slaby [ 1, Theorem 10.11 concerning 
commutative Moufang loops. The proof of Bruck and Slaby requires a long 
and tricky multiple induction. It is relatively clear from [ 1, 2, 4, 51 that the 
theorem could also be stated in the language of group theory or of loop 
theory. We do not give the reformulated results. 
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